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ABSTRACT 

This paper deals with the problem of existence of infinite structures in 
euclidean space such that every set of positive measure contains an aiiine 
image of it. We contribute to P. Erd6s' question about sequences in the real 
line, by showing that no triple sum of infinite sets has this property. 

1. Introduction 

P. Erd6s [ 1 ] asked the question whether there exists an infinite sequence S of 

real numbers such that every measurable subset of  R of positive measure 

contains an atfine image of S. Presumably his problem was motivated by the 

results of  Szemeredi [4], Furstenberg [2] and Furstenberg-Katznelson [3] 

relative to finite structures. It will be convenient to say, more generally, that a 
subset S o fR  d (d = 1, 2 . . . .  ) has property (E) provided any A C R d of  positive 

measure contains an atfine image of  S. It seems reasonable to conjecture that 

such a set S has to be finite. Let d = 1 and {ek} a sequence of positive numbers, 
decreasing to 0. It is known and easy to show (considering appropriate Cantor 

sets) that the condition (ek-i--ek)/ek~O implies that (ek} fails (E). The 
problem seems open for ek = 2-k,  for instance. 

Our purpose here is to disprove an infinite version of the 3-dimensional 

Szemeredi phenomenon. 

PROPOSITION 1. ]f  S is an infinite set of  reals, then the set S X S X S in R 3 

fails property (E). 

Received May 14, 1987 

333 



334 J. BOURGAIN Isr. J. Math. 

It should be pointed out that the previous statement remains valid if we 
weaken the definition of property (E) allowing different scalings according to 
the dimensions 1, 2, 3. An elaboration of the argument also permits to prove 
the following l-variable result. 

PROPOSITION 2. I f  $1, $2, $3 are infinite subsets of  R, then $1 + $2 + $3 
fails (E). 

We denote A + B = {a + b [ a EA,  b E B }. There are variants of this result 
and for certain sequences S, for instance {2 -k }, the method yields that already 

S + S fails (E). 

The author is grateful to B. Weiss for some discussions on these problems. 

2. A reformulation of Property (E) 

(E) is equivalent to a statment of a more "finite" nature and which may be 
formulated as an inequality. 

L~MMA 1. The following conditions are equivalent for a bounded subset S 

of  Ra: 
(i) There is a constant C such that 

f inf sup If(x + ty)ldx < C f If(x)ldx (1) 
, J  I < t < 2  yESo . . /  

whenever So is a finite subset of S and f a continuous function on R a with compact 
support. 

(ii) S has property (E). 

Notice the scale invariance of (I), in the sense that (1) is equivalent to 

f inf sup Ig(x + ty)ldx < C f Ig(x)ldx (2) 
, J  6 < t < 2 6  y~So , J  

where 

g(x) --- ~ f ; ~ > 0 arbitrarily chosen. 

Implication (ii)=* (i) is the relevant one in proving the proposition. 

PROOF Ol: (i) =* (ii). Denote/t the d-dimensional Lebesgue measure and let 
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S c B(0, D). Let K be a compact subset of R d, /~(K)> 0. Considering a 
Lebesgue density point, we may find a cube Q satisfying 

1 
(3) ~(Q f~ K ) >  ( 1 -  4--TC)/z(Q) 

where C is the constant appearing in (1). 
Fix r > 0 and consider a continuous function 0 < @ ___< 1 satisfying 

(4) ~ = 0 on K, @ = 1 on Q \ K~ (K~ = r-neighborhood of K), 

.F @(x)dx < 2,u(O \K).  (5) 

R 4 

(Clearly we may assume/t(Q \K)  > 0.) 
Let Xo be the center of Q and define 

size Q 
f ( x )  =  (Xo + ex ) ,  e = 

IOD 

Then, by (3), (5), Q ~ cube with center )Co and half the side-length of Q, 

f f(x)dx = e-a f tp(x)dx < 2e-a _ _  1 / t (Q)<~C f ZQ(Xo+ex)dx. 
4aC 

Hence, by (1), for any finite subset So of S 

inf sup f(x + ty)dx < 1 
1<t<2 y~so 2 ZO(x° + ex)dx 

from which the existence of a point x and 1 < t < 2 (both dependent of So) 
such that for y E So 

(6) ~O(Xo + ex + ety) < ½Xt~(Xo + ex). 

(6) implies that 

(7) Xo+ exEQ,  

(8) xo+ex+etyq~Q\K, for each y ESo. 

Notice that since 

size Q 
I z I < 2eD < ~ for z E etSo 

5 
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from (7) 

and thus, from (8), 

xo + ex + etSo c Q 

xo + ex + etSo c K,. 

Since et is bounded below independently of So and 3, a compactness argument 
implies that K contains a translate of t'S, for some t' > O. 

PROOF OF (ii) =* (i). Assume (i) fails. Thus  for any 0 < J < I and 0 < M < 

oo there is a finite subset So of S and a continuous positive functionfsuch that 

(9) f inf sup f ( x + t y ) d x > M  f f(x)dx. 
6 < t  <2t~ .VESo J 

Denoting F the function 

F(x) = inf sup f(x + ty), 
~ < t  <26 yES0 

(9) gives 

je~O0 £00 
#[F >_- ,~ld2 > M #If>= 2]d2 

0 

and hence for some 2 > 0 

/t[F >= 2] > M/t[f->_ 2]. 

Considering A = [f>_- 2],  it follows thus that 

(10) B(At)>Mlt(A) whereA~= n [ , ~  ( A - t  y)] 
~ < t < 2 6  0 

(A, A j are compact sets). 
Our next purpose is to replace A~ by a set of small complementary measure 

and A by a set of small measure (in an appropriate quotient space). Assume 
again S E B(0, D) and So containing the origin 0. Considering the lattice DZ a, 
split R a in cubes of size D and consider such a D-cube I satisfying 

M 
(1 l) u(A, n I) >--_ -~ I~(A n i) 

where [ = I + [0, D] a. This is possible by (10). It also follows from (10) that if 
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x EA~ n I, then for any 3 < t < 23, x + ty CA for some y ES0, hence x + ty E 
A O ( I + t S ) c A  O[. 

Let G stand for the torus Ra/2DZ a and v the normalized quotient measure on 
G. Let B (resp. B~) be the images ofA O I(resp. A~ n I) under the quotient map 
R a ---, G. Thus (11) gives 

(12) v(B) < Tv(Bl) 

where z = 2d/M can be made arbitrarily small. The advantage of  dealing with 
subsets of the torus G is that by random translations, it is now possible to 
construct se ts /~ , /~  where 

1 
(12) v ( G \ B O < z  and v ( / ~ ) < z l o g - .  

Since/},/~t are the union of  translates of  B, B1 by the same sequence of  points, 
it is clear that given x E /~  and 3 < t < 23, the subset of  G 

(x + ty ly So) 

will intersect/}. By construction, this property is indeed true for B, Bt. Define 
A =/~l \/~ for which by (12) 

1 
v(A) > 1 - 2z log - 

T 

and which does not contain any translate of tSo for 3 < t < 23. Take 3 of  the 
form 2 -k (k = 0, 1, 2 , . . .  ) and consider subsets Ak of G each satisfying 

(13) v(Ak)> 1 -- ~ 2  -k. 

A, does not contain a translate of tS~, 2 -k  <t  < 2  -k+ l  where Sk is an 
appropriate finite subset of S. 

By (13), the set A = n A k  has measure v (A)>  ½. Moreover, it does not 
contain a translate of  tS, for any 0 < t < 2. Lifting A back to a subset of  R a, 
property (E) for the set S is clearly disproved. 

3. Construction of random functions 

Consider an infinite subset S of R. Our purpose is to disprove a uniform 
inequality (l) (see Lemma l) relative to the set S X S X S on R 3. We will 
generate functions using a random method. 
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By passing to a subset and translation, we may identify S with a decreasing 

sequence {ek } of  positive numbers in [0, 1]. 
Fix integers K, J,  N (J, N will depend polynomiaUy on K). Consider 

numbers 

SI SK 
(14) ~ = ~ ( s ) =  + . . .  + 

N81 Nex 
where Sk ~ {0, 1 . . . . .  N2}. 

Assuming ek rapidly enough decreasing, we can ensure that 

(15) ~8 k .~  Sk -t ek Sk +.....~l + . . . . . ~  ~'...kk S_.K 

N ek+ I N ex N 

Let f~ --- {0, 1, 2, . . . .  N2} x be endowed with normalized counting measure 

and for 1 < t < 2, consider the map 

at  : ~'~ ~ I lK  • S ~ (t~el, . . . , t~ex) 

where 1-I = R/Z and the relation between ~ and s given by (14). Using (15), it is 

easily seen that if N is taken large enough, then for each 1 < t < 2 the image 

measure of  at becomes an arbitrary fine discretization of  the normalized Haar 
measure of  II k . 

Let ~ be a bumpfunction, 0 -< ~ < 1, ~ = 1 on [0, 3] 3 and ¢ = 0 outside 

[ - 1, 4] 3. Let h be a function on I-I to be specified later, h ~L:(I-I), U h 112 --< 10. 

Define 

J 
(17) f ( x , y , z ) f ~ ( x , y , z )  Y, 

j - -I  
Ojh(~jx)h(~y)h(~jz) 

where 0j are + 1 random signs and the ~j's as in (14). Thus 

(18) f lfo(x,y, z)ldxdydzdO <cv  II h II 3 

where the 0-integration is performed on {1, - 1 }s (assuming 4 not all 0 and 

ek'S small enough). 

We are considering translates by elements of  the set 

So {(ek, et, e m ) [ 1 - - _ k , l , m < K } .  

Clearly 
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f max Ifo(x ekt, y ett, Z emt)ldxdydzdO inf + + + 
l<t<2 k,l,ra 

>= inf max 
l<t<2 k,l,m 
x,y,z,O 

b I E Ojh( )x + + + 
j - I  

Our purpose is to prove the existence of  t ' s ,  hence elements s ~ , . . . ,  s s in f2, 
such that for all 1 < t < 2; xj, yj, zj EH,  0j = + 1 (1 < j  < J)  we have 

(20) m a x  ~ Ojh(xj  q- o t t (~ j )k )h(y  j -+- o t t (~ j ) l )h(z  j q- olt(~j)m ) >~ ~//ff . 
k,l.m j - I 

This would give a lower bound on (19) and from (18), (19) we conclude the 
existence of  some O E { 1, - 1 } J such that the corresponding f0 and the set So 
disprove (i) of Lemma 1. 

This existence of  a system s ' , . . . ,  s J in f2 satisfying (20) will follow from 
statistical considerations. 

Assume a derivative estimate on h (which is polynomial in K). We first 
reduce the number  of relevant values of t 's and elements xj, yj, zj. Observe, 
from the definition of  at(G), that a,(~j) is well defined by the system 

{ e2X~(tmx~/O} l <-k <_t <-x 

defining an element of H {x'). Hence we are led to consider a z-net 
(log(1/z)--~log K) in l-I x'+3j and the number  of  relevant values xj, yj, z j~H,  
1 < t < 2 is reduced to 

(21) exp(cK 2 log K + cJ log K). 

For 0, there are 2 J possibilities. 
Thus fixing @, Yi, zj, t, 0, we are interested in the probability that s t . . . . .  s ~ 

in f~J will satisfy the event 

p (22) max ~ Ojh (@ + at(~j)k)h (Yj + a,(~j)t)h (zj + a,(~j)m) > My/ ' )  
k,l,m j ~ 1 

where M is a fixed large constant. By (21), we will be done by showing that this 
probability always exceeds 

(23) 1 - exp[ - c(K 2 + J)log K]. 

The map 
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(s ' , . . . ,  J)-~ {o~,(~j)~}' =J=~ 
I<.k<K 

induces a discrete measure on 1-1 ra and for N large enough we get arbitrary fine 

expectations of  it approximating the invariant measure. By the gradient 

estimate on h, log N ,~ log K already will permit to identify the image mea- 

sures on R ~x of the respective maps 

and 

f ~ ' ¢  - .  ItJ'~: (s~, . . . , s ~) ~ { h ( x j  + a,(~j)k)} 

H JK ~RJX: (Uj,k) ~ { h ( U j , k ) } .  

Thus we need to evaluate 

(24) 

It remains to specify h. The ideal should be to ensure that h : H - - - R  has 

Gaussian image measure. However, such h would not satisfy a gradient 

estimate and therefore some care is needed. A substitute for the Gaussian is 

given by 

LEMMA 2. Given 0 < fl there is a map hp : II--, R with image measure vp 

satisfying 

(25) IHhl <cfl - t  and vp<(1 +fl)v 

where v is the Gaussian measure. 

Take fl = 1/2KJ and let gp = vp ® .  • • ® vp be the JK-fold product measure 

on R Jx. Thus (25) implies 

(26) /~p _-< 2/~ 

where/t  is the Gaussian measure on R Jx. 
Taking h = hp in (24), we get thus by (26) the condition 
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[ I  ' r l  ' . m  Z Ojx~,kxj,~xj,,~ < ltp m a x  E OjXj~j~Xjm <My '  --_<2gLk,m.,ax 
k,l,m j -  1 

< exp[ - c ( K  2 + J)log K] 

where (Xj,k) is a random variable in R JK. 
The proof will thus be completed by the following fact: 

LEMMA 3. For  g 2 < c J  a n d  {gjk }~ <.j<..~, l~k<.g independent  Gauss ians  

Pr max 
Ll<k,l, m < K  j - I  

It is likely that a version of Lemma 3 remains valid replacing Gaussians by 
Steinhaus functions or independent signs. The interest of Gaussians in the 
proof is the rotational invariance. 

4. Proof of Lemmas 

PROOF OF LEMMA 2. Realize an (L ~)-normalized symmetric Gaussian g as 
a symmetric map g:  [ - ½, ½] ~ R defined by 

g ( ½ -  t)  f - g ( t )  and v[x > g(t)]  -- l - 2t f o r ~ < t < ½ .  

Thus g(~) -- g( - ~) = 0 and g behaves like 

- log " ~ /  if It[ ~ 0 

1 
log if I tl -~ ½. 

I/2 

I t  I /  ½ 

Fixing ,8 > 0 consider the afi~ne map cp: [0, ½] ~ LS, ½ - ,0] defined by cp(t) = 

+ (1 - 4#)(t - ~). Define hp(t) = g(cp(t))  on [0, ½] and hp(t)  = hp( - t). Thus 

I h ~ l - - < - 5  log - ]t-p < 

while the image measure vp ofhp fulfils (m -- [0, ½], d r )  
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½ vp(A ) = m[g(cp(t )) ~A ] = m[c;' (g-'(A ))l < 

1 v(A) 
1-4¢ 2 

for A a subset of  R. 

PROOF OF LEMMA 3. 

1 m[g-l(A)] 
1 - 4 / ~  

(27) is equivalent to 

[ I gj g) jm 
(28) P max Y. ' " < <exp( -c (M)K 3) 

L k,l,m j - I 

where now the gjk, g]k, g'~k are independent.  The proof  of (28) is based on two 
observations. 

Assume first (~')~ <,_<R a sequence of  vectors in R J such that 

(29) 

Then 

(30) -P [ max 
LI - r < R  

To prove (30), write 

~1 = el ,  

~r = Crer .~ fr ,  

dist(~', span(~ 1 . . . . .  ~,-1)) > y. 

I ~ gj~" <M]<exp( -c (M,y)R) .  
j - I  

f, ~ span(el . . . . .  e,_~) (1 < r _--< R), 

where (e,)~_<,_<R is an orthonormal system and [c,I > 7 for each r. Denoting 
G - (g~ , . . . ,  gj), the system ((G, er))l.<,.<R is a system of  independent  Gaus- 
sian variables. Thus we have to majorize 

(31) 

where the (a,.,)s <, are real numbers. But, by the independence of the (g,), (31) 
is deafly less than [1 - exp( - 2M2/y2)] R, hence (30). 

Say that a system of / (2  vectors (yS)~s<.r2 fulfils PRa, provided there is a 
subsequence (~')~.<,.~R for which (29) holds. It is clear from (30) that the left 
member  of  (28) can be estimated in the following way: 
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Thus  it remains  to evaluate the first t e rm in (32), taking R .-- K 2. For  x a vector  
in R J, define 

'{ 
= = J ,  [ >  Ixl0 J # l < j  < " Ixj 

It is straightforward, using e lementary  ent ropy considerat ions,  to show that  if  
E is any J~ 100-dimensional  subspace of  R J, then 

(33) PIinf lG -xlo < l-~]<e-J. 
LxEX 

Using this observation, i t  follows that for to fixed outside an exceptional set of  

measure at most 

K 
(34) exp ( - - ~  J )  

the system { (gjk (O9)), <j =. j } ~ ~ k < r has a subsystem { t/' } r/2 satisfying the con- 

di t ion 

1 ( 
(35) inf  [ r/r - x 10 > - -  1 < r < . 

-~EI~'....,~'-'] 100 

We now use the ¢o'-variable. I f  {(r/Sg~t)}, <,<ra ' ,_<t_<x fails PR.r with R = K2/4, 
there has to be at least K/2 values o f  I for which 

min  dist[(~/Tg]t), span[(r/]g;j,), (rlf,g]t) I 1~ < 1, 1 < s < K/2, r, < r]] 
l <=r<KI2 

is bounded by 7v/J. 
A probabilistic est imate for this event  is given by 

(36) (K/K) (K a) r'2 

where a is an upper  b o u n d  for the probabil i ty o f  the event  

(37) vO7 > dist[(r/~gj), E + span{(r/f,gj) I rt < r/}] 

where E is any K2/2-dimensional  subspace of  R J. 
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If  (gj(to)) satisfies (37), then 

I c~(to) - xj 12 < y2j 
J 

for some x E E  and where, by (35), cj = tlf - Y~<ras~l] satisfies [(cj)10> ~ .  
Hence there is a coordinate set I, I II = J/100 such that 

(38) Y~ Igj(co) - yj ]2 < 10,y2j 
j e t  

for some y EPI(E),  P1 = coordinate projection on [ej [j~I].  Again, entropy 
considerations show that this probability is bounded by 

< J 1 r~ 

for an appropriate constant ), and assuming K 2 small enough with respect to J.  
Collecting estimates, the following bound on (28) is obtained from (32), (34), 

(36), and (39): 

1 exp K + K e x p ( - 4 c ( M , , ) M a ) +  ( - - ~ J )  ( K / 2 ) ( K e - O  rl2 

provided g 2 < cJ. 

This proves (28) and (27). 
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